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1 THEORY OF THE QUASI-OPTICAL ELECTRON CYCLOTRON MASER

I.  INTRODUCTION

At the present time, two classical radiation mechanisms, i.e., the
free electron laser ™9 (FEL) and electron cyclotron maser 10-19) (EQv) ,are
under extensive study because of the great potential they show as new
classes of coherent radiation sources. Experimental results on the

rFEL(20-22) ang EM(22-25) pave been very encouraging.

In free electron lasers the active medium is a beam of relativistic
electrons. Such sources have the potential for generating coherent radia-
tion ranging from the millimeter to the optical regime and beyond. They

are frequency tunable and in principle extremely efficient generators of

o — s o

intense radiation.

The electron cyclotron maser in its present form has reached a far
‘more mature stage of development than the FEL. In the millimeter regime,
electron cyclotron masers have generated power levels substantially higher
and more efficiently than the more conventional radiation sources. Experi-
mental efficiencies are impressive, e.g., 22% efficiency at A = 2mm with a
ON output power of 22 kW. @3)

In this paper we propose and analyze a new electron cyclotron maser
oscillator configuration, which utilizes an open resonator cavity. Our

quasi-optical cyclotron maser has a unique potential for becoming a new

type of coherent radiation source. In principle, the device is capable

\ of generating coherent radiation in the millimeter to submillineter regime,
Manuscript submitted October 6, 1980.
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at power levels in excess of magawatts, with efficiencies exceeding 50%.
The basic structure consists of an open resonator containing a beam of
electrons gyrating about, as well as streaming parallel to, an applied
magnetic field. The magnetic field is directed transverse to the axis of

the open resonator, which consists of two or more appropriately curved

mirrors. Moderately low electron beam energies can be used, i.e., 10-100 1
keV, even though the wave-particle interaction mechanism is due to relativ- i‘
istic effects. This configuration has a number of distinct advantages over

the more conventional radiation sources. Some of these advantages are:

i) extremely high operating power levels, ii) high operating frequency, *

iii) high efficiency and, iv) natural transverse mode selection. Since we
utilize an open resonator and, thus, have a large interaction volume, the
input electron beam power can be extremely high while the power density can
be kept moderately low. The usual limitations on beam power imposed by
space charge effects can therefore be overcome. Since the wave-particle
interaction is fairly efficient (~50%), high radiation power levels can be
achieved. The operating frequency is limited solely by the external
magnetic field and is independent of the dimensions of any physical
structure. Favorable coupling between the electrons and radiation field
occurs near harmonics of the relativistic cyclotron frequency.

A quasi-optical resonator has many modes which in principle can experi-
ence gain, producing a multi-mode output signal. The fundamental transverse
resonator mode can be preferentially excited in the open resonator. If
the mirrors in the open resonator are made large enough to intercept a
large fraction of the flux in the fundamental mode, we may expect this
mode to have a large Q. The higher order modes can be expected to have a

substantially smaller Q since they suffer from diffraction losses. This
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is an advantage over a closed cavity, where all modes would have comparable
values of Q. Longitudinal modes in resonance within the resonator can
undergo gain and produce a multi-mode output signal, unless they are
suppressed. Longitudinal mode selection can be achieved by employing a
mode selection; one such selector is the Smith-Fox interferometer. (26)
This new maser configuration, like the conventional electron cyclotron
maser (gyrotron), has a wide range of practical applications. These appli-
cations range from electron cyclotron heating of fusion plasmas to advanced
radar and commmications systems. Because of the high field level, short
wavelength and extended interaction volume, the quasi-optical maser may be
a natural electro-magnetic pump source for a free electron laser. In this
application a second highly relativistic electron beam propagating along the
axis of the open resonator would interact with the resonator field and
induce high frequency radiation. The frequency of the scattered radiation

would be ~ 4y Yzm, where y_ is the longitudinal gamma factor of the second

Yy
relativistic electron beam and v is the frequency of the quasi-optical

maser.




II.  NON-LINEAR ANALYSIS OF QUASI-OPTICAL MASER

The quasi-optical cyclotron maser configuration is depicted in Figure 1.
The lowest order mode is the well known TEM = Gaussian radiation beam see

Figure 2. For the electric field vector primarily polarized in the x

direction, the field components of this mode are

E (x:y,2,t) = E (x,y,2) sin (kyy + a(x,y,2)) cos wt, (1a)
Bz(s,y,z,t) = £ (x,y,2) cos (kyy + a(x,y,z)) sin ot, (1b)
where k =u/c, E(x,y,2)-Eo(ro/rg(yDexp(-(2422)/% (y)), alx,y,2)=

R ) P2ty wre)/z - tan My,

w is the radiation frequency, E_ is the field amplitude at the origin, r

is the minimum spot size at the plane y=0, rs(y) =T, (1+y2/y§ )1/2 is

the spot size at the plane y, = rozw/2c is the Rayleigh length and

0 0

R(y) = y(1+yRZ/y2) is the radius of curvature of the spherical wavefront

at y. The y components of the field are E = - (c/w)? E,/ 3% and

y
B,= - (c/w) 3B,/ 32. Note that lEyl,IByl << |E,|» |B,|. One can show that

y

the E and B fields satisfy the appropriate boundary conditions on the
mirror. This is equivalent to saying that the mirror radius of curvature
equals the wavefront radius of curvature.

The intermode frequency spacing is 6w = nc/L where L is the
separation between the mirrors and the diffraction angle of the radiation
is 04 = A/nro where ) = 2 nc/w §s the radiation wavelength.

Other orientations of the external magnetic field and, hence, the

gyrating electric beam are possible. Careful analysis, however, shows

that these other configurations may not be as straightforward to implement.

e T o — “““‘Tﬂ'!f’; o




For example, another possible configuration is where the magnetic field

and the streaming electrons are directed along the y axis. It can be
{ shown that to maintain wave-particle coherence the thermal spread in the
y component of electron velocity must satisfy Gvy/vy << A/27L. For long

resonators this condition places a rather stringent requirement on the

electron beam quality.
In Figure 1, the gyrating beam electrons rotate in the x-y plane

and stream along the external magnetic field § which is directed along

the z axis. For convenience we locate the sheet electron beam of width
i Lb on the y-z plane,as shown in Figure 1. Furthermore, for reasons of
:t analytic simplicity,we take the guiding centers of the electrons, upon
entering the resonator fields, to lie on the y-z plane. Also the electrons,
upon entering the resonator, are assumed to have the same transverse and

parallel velocities.

Strong coupling between the electrons and resonator field will occur
at frequencies near multiples of the relativistic electron cyclotron fre-
quency. Let us consider the fundamental cyclotron interaction, unQO/y
where @ = e[ /m c, v = (1+E-E/m;c2)% and p is the electron momentum
vector. The electron Larmor radius is in general much less than the
radiation wavelength, i.e., i YV*/QO: B, A/2m << X, where v, = 8 is
the transverse electron velocity. The minimum radiation spot size is

much greater than the Larmor radius, r0>A>>rL. Therefore, by choosing

P e ——p W =y T~

the width of the electron beam to be somewhat less than the Rayleigh

radioden

length, <y, , the resonator fields in (1) felt by the electrons can
*

be accurately approximated by the plane wave fields,

S VN

- - - s b p——— - i




E, (y,2,t) = E(2) sin (%y) cos (wt) , (2a)

By(y,z,t) E(z) cos (%y) sin (wt) | | (2b)

= B,= 0.

- Co 22
where E (2) = E, exp (-2 /v } and Ey y

We now express the particle momenta P and transverse position (x,y)
as functions of Lagrangian independent variables. In general, a convenient
set of Lagrangian independent variables for this problem are the z position
of the particles, the initial momentum space angle I initial transverse

coordinates of the guiding center x o and ygo and the particle entrance

g
time into the resonator field to. Since the resonator fields fall off

like exp(—zzlroz), the entrance position of the sheet beam 25 2N be

taken to be a few spot sizes away from the y axis, lzin|>>r In our

o’

present analysis, x, = 0, [ygol E-Lb and t  is the time the particle

9
crosses the z = Zin plane. The functional dependence of the particle
momenta vector and transverse coordinates is p = p(z,ygo,eo,to).
x = X(2,¥g4300>t5) and ¥ = ¥(2,y44.0,,t,).
The orbit equations for the electrons are
pz %Ey = o lel (YmOEX+py(BO+BZ)/C)’ (33)
z
p, 3y = le| b, (B+B,)/c, (3b)
dp, _ (3c)
agz = 0,

where the fields Ex and Bz are given by (2), with t replaced by the

Lagrangian time variable T (z, ygo’ 99 to) = to + ﬁz /vz and v,*
Zin
pz(z,ygo,eo,to)/y(z, go,Oo,to) m, is the longitudinal particle velocity.

6
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Note that P, is a constant of the motion denoted by Pso? hence, v, #0
unless Pyo = 0. The Lagrangian time variable, v, is the time it takes

a particle to arrive at z if it crossed the =z, plane at time to with

a momentum space angle 60 and quiding center position (xg°=0, yg°=0). Since
we are considering only the fundamental cyclotron interaction, an appro-
priate representation of the solutions of the orbit equations in (3) are

pc(2) = p,g(2) + p (2) cos (wr+e), (4a)

o (2) = pyg(z) + p,(2) sin (wr+0), (4b)

where pxg’pyg are the components of momenta associated with the guiding
centers, p¢is the transverse particle momentum and wt+0 is the particle
momentum space angle. In (4) the dependent variables pxg’pyg’ p,» and
O are assumed to be slowly varying functions of z as well as functions of

Yao® %% and to. By "slowly varying" we mean that the quantity has no high

g

(cyclotron) frequency Fourier components. The variables p P, and

Py
© are not functionally independent of each other. In factfgb;yiequiring
that they be slowly varying functions of z, we will derive four separate
but coupled equations which uniquely determine them. The field amplitude
E(z) defined in Eq (2), denotes the profile of the radiaticn beam and is

a slowly varying function of z since the electrons undergo many cyclotron
orbits while traversing the resonator fields. The initial values of
dependent variables upon entering the open resonator fields are

pxg(z=z1'n) = pyg(z:zin) =0, p,(z72;,) = pm’Vz(zzzin)gvz‘;:pzo”omo and
e(z=zin) = 04 Furthermore, it will be shown that the guiding center
drift momentum of the particles is much less than the transverse momentum,

i.e., Ipxgl'lpygl << p_. Noting the form for Py in (4b), we see that the

-——— . R ey e et e an.. S »)
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dependent variable y can be approximated by

Py

y=y_ - cos (wr+0), (5)
g Myl

where y_ is the slowly varying y position of the guiding center, hence,

9

Pyg = P 50 dy_g/dz and p_L/mOQ0 =1 is the electron Lammor radius.

yq
We now substitute (4a,b) together with (5) into the orbit equations

(3a,b) and carry out the appropriate operations.Keeping in mind that E(z)

is a slowly varying function of z we equate rapidiy varying terms and

slowly varying terms and discard all frequencies of order 290. These manip-
ulations yield four interrelated self-consistent non-linear equations describing

the spatial evolution of p 09 pxg and pyg’ When T <<h, these equations are

dp _ . w w px P .
1= -lelE sin (Ly ) cos o+cos (£ y )X cos 0 + X2 sin 0) f6a)
5 %fo [ cYg ¢ Yo't c moC

do = (2. -yw) m_/p elE - . ) W
& 0 o’Pzo0 + %Lpﬂ'o sin (¢ yg) sin 0 - cos (g yg)

zohL
Y p
X9 o -
(=== sin 0 ﬁx% cos 0) | , (6b)
) )
n = 1elE D, cog “y)sino , (6c)
X3 Zamec c-g
00
|0|Ep wy w
=- . - “ cos 0 (6d)
Pyg = gt (1 fy ) cos (¢ ¥g) ,
oo

where dyq/dz = pyq/pzo and y=(1+(p§o + pj )/ngcz)%. Equations (6) com-

pletely describe the non-linear steady state particle dynamics for the

fundamental cyclotron interaction. Since [E/Bof«l,it is noted from (6¢)




and (6d) that lpxgl,lpyg|<< p,» Justifying the corresponding earlier

assumption. The trajectory of each electron is described by the set of
equations in (6). The initial conditions, however, are different for each
electron, as required by the input distribution. For an entering cold un-
bounded electron beam, the initial conditions are such that at Z=2; s

=0, p,,~0, P,= Pigs Pz=Pzo® 0=0, where 0, ranges from 0 to 2 and

p

Xg Y9

yg=yg° where ygo ranges from ~Lb/2 to Lb/2, while Pio and P, are the
same for all electrons.

The equations in (6) can be considerably simplified by noting from
(6¢,d) that pxg/m c =~ 0(yv /28 ) <<1 and p yg/moc==0 (pngm/mOCw). Hence,
the second and third terms in the brackets on the right hand side of

(6a,b) can be neglected and y_ in (6a,b) can be replaced by y . The

g go
resulting equations are
dp, _ I
Yi= . lelE sin (Zy..) cos © 7a
dz lfézgmo €"go ’ (72)
do = (a-vw) m /p,, + le|Eym, sin(%-yzg% sin 0. (7b)
dz PzoPu )

These equations are very similar to those analyzed in our initial studies

of the non-linear behavior of the cyclotron maser instability.

In a temporal steady state oscillator the efficiency of converting

beam power to radiation power is given by

n= (P Pb out)/ b,in (8)

where Pb,in and Pb,out is the total electron beam power flowing into and
i ' out of the open resonator in the z direction. For the cold heam

"\ distribution presented earlier, the efficiency, as defined in (8), can

M . - - . e - . ~ >y ) L
" e ’ —- —_
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be shown to give

_ 21/w L,./2
Z=25.4 b an
- dt ©)

n= <! 2.2 dz [Zm) [———g—dy 0 270 Expx (9)

Yo{Yo-1)VzgMo o Ly

=2, Ly /2
Using (2a) and (4a) we find that
Ep

Epy = —2—-*- sin (% ygo) cos O , (10)

where we have used the approximations Y=Ygo and Pxg = 0. Substituting (10)
into (9) and noting that Expx is independent of to we obtain for the

efficiency the expression

_ ““Zout Ly/2
o -lelw f & &
n= Z
4nY0(Y0-1)vzom°CT i T 0
z=z; -Lb/Z b
2n
do . W
/Z_T_p_ E (2) E(z,eo,ygo)sm(g yQO)cos O(z,oo,ygo). (11)

0

The expression in (11) gives the full non-linear steady state operating
efficieﬁEy. Before solving (11) in the fully non-linear regime it is
illuminating to first solve the orbit equations in the linear regime

and thereby obtain the analytic form for the efficiency. The orbit
equation in (7) can be linearized by setting p, = p£°lp£‘) and o=e(°)+e(‘2
where p$°) and O(‘) are zero order quantities in the field amplitude, E,
and p¢(‘) and o(‘)are first order quantities. Solving (7) we find that

pio) = Pag s (12a)

(0) A
0 (2) =0, ;ft (z-2,), (12b)

10

f‘
3
1
3
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) " . (o)
p,7 = Z%El' sin(e vgo)  [d2E(2) cos o (12c)

20

z° (1)
’ “ L4 (0) “ !
O(ll el Vg sin(%y ) J/j; dz E(z)cos 0 {z2)+ e, (12d)
o2 go pm 30

2v
zo P20 o

where Aw=(u-QO/yo is the frequency mismatch.

Now substituting (12) into (11) and carrying out the Ygo integra-

tion we arrive at the following expression for the linear efficiency

Z
_ ~(le|/mc ) dz /dz' {E(Z)E(Z')COS(% (z2z) ‘MB Loy 4
832 v, (v,-1) zoYo\Y %
i 4

U

we 82 fd E(2)E(D)sin(e (z-z) 2wy o, (13)
28, ° ¢ B0
zo Zin

where E(z) denotes the profile of the radiation beam. In the oresent

2 2
case the radiation beam has a Faussian profile given by E(z)=Eo exp(-z/ro).
Substituting this form for E(z) into (13) and taking the beam entrance
and exit planes to be respectively Zi = and Zout= = the integrations

over z,f and.z can be carried out analytically. The overall expression

for the linear, small signal, efficiency takes the rather simple form

2 -%(g_tw/w)?
cen Yo (Fo)egz e 82, 62w ], (14)
16 v,- By 2

where go = (row/c)/Bzo. Unlike the case of a beam propagating along the
z axis, the structure of n is non-oscillating in,say,ro. The reason for

this is that the radiation field is a smooth function of z and has no

11
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abrupt change in behavior at the entry and exit points of the electrons.
From (14) we see that the efficiency is positive when Aw/w>2/(BLogo)2,
hence, the output frequency is always slightly higher than the relativistic
cyclotron frequency. For typical choices of parameters, the term
Bioié(Am/w)lz is much greater than unity. In this case the Tinear
efficiency maximizes when the frequency shift is Nn=(u/€o.
Appendix A contains a derivation of the small-signal efficiency
at the fundamental as well as at all cyclotron harmonics using the
linearized Vlasov equation. In this appendix the linear efficiency
expression is derived for the cases where the electric field of the
radiation beam is polarized in the x direction, i.e., polarization
considered in the body of this paper, as well as in the z direction.
The former polarization of the electric field is shown to result in
substantially higher linear efficiencies compared to the latter polari-
zation. In conventional efectron cyclotron masers the particle inter-
acts with the TE mode of the structure. This corresponds, in our 1
present configuration, to the electric field polarized in the x
direction. Polarization of the electric field in the z direction
would correspond to a TM mode interaction in the conventional configuration.
In order for the system to operate in the assumed steady state,
there must be losses which just compensate for the power loss of the
electron beam. These losses are composed of both the output radiated
power, and the real losses due to diffraction or dissipation in the

mirrors. All of these losses are characterized by the Q of the cavity

so that the total power out of the resonator is Pout=“’€3tored/Q’ where T
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stored
Since linear theory shows that power lost by the beam is also proportional

is the energy stored in the cavity, which is proportional to E;.

to E;, the operating field amplitude cannot be determined by linear theory
alone. Thus the oscillator, unlike the amplifier, is an inherently non-

linear device.

As will be shown in the next section, where the nonlinear electron dy-
namics are calculated,the power lost by the beam ultimately levels off as Bg

increases. Thus the actual operating point can be calculated from the inter-

section of the graphs of power loss by the beam, and power lost by the
cavity, as functions of Eg, shown schematically in Figure 3. It is
apparent that steady state can be achieved only if the losses are small
enough that the two curves intersect. Also, for the optical cavity
configuration, we find that the power lost by the peam never becomes
negative as Eg jncreases. Thus steady state operation is not vossible
without power loss by the cavity.

The threshold condition for starting the oscillations in the
resonator is

nRin2 W& tored/? (15)

where%tored = %{Eé/&r) vr;L is the stored field energy. To obtain the
threshold electron beam power, necessary to start the resonator, we use
the small-signal efficiency in Eq. (14). Substituting the maximum small-
signal efficiency, i.e., when £ Mw/w=1, into (15) we find that the

product of the beam power and resonator Q needed to start the oscilla-

tions is o L _1)a’ /g2
Py, ind 2 4.6x10 A Yo(Yo-1)834/8 o Watts] . (16)
13
ST —— Ny . . -
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Throughout our analysis on the quasi-optical maser we have made
the tacit assumption that the energy lost by the electrons goes into
supporting the assumed Gaussian radiation beam. This assumption is
common to all conventional oscillator problems and has been proven
valid experimentally. Though we have not rigorously proven this point,

concerning our present configuration, we have assumed it applies here too.




IIT. NUMERICAL RESULTS AND ILLUSTRATIONS

a) Efficiency of Maser in Uniform External Magnetic Field

As an illustration of the potential operation of the quasi-
opticai maser we choose a 60 keV Cyo = 1.118) electron beam having initial
velocity components B*o= 0.4 and Bao” 0.2. The location and curvature
of the mirrors are chosen so that the radiation spot size is 5.9 wave-
lengths, i.e. ro® 5.91. The linear (small signal) efficiency given by
(14) is shown in Figure (4) for various values of the normalized field
amplitude, Eo/BO. The linear efficiency has a single positive maximum
when EoAm/w = 1 which corresponds to the frequency mmax=(l-1/go)'190/y°.
The intermode frequency separation of a resonator of length L is
Sw = wc/L. Therefore, a spectrum of natural modes can exist within
the resonator separated in frequency by Sw. When the oscillator is
first started up, the mode frequency closest to Wnax will be excited
first and grow to a level where it suppresses the slower growing
natural modes further away from Wnax® It turns out that the maximum
non-linear efficiency occurs at a frequency slightly higher than Wnax ®
j.e., for Eko/w somewhat larger than unity.

In the absence of longitudinal mode selection or equivalent
scheme,it would not be possible to take advantage of the higher non-
linear efficiencies occurring at frequencies greater than Wnax. To

suppress these unwanted modes near W and operate the maser at the

ax
frequency of maximum non-linear efficiency, we will assume that a longi-
tudinal mode selector26 is employed. Another approach seems possible:
we can start the oscillator at the natural operating frequency Unax

When the mode saturates, the external magnetic field can be decreased

15




slightly so that goAm/m > 1 has the appropriate value to maximize the

non-linear efficiency. We will assume that, by using either of these

approaches, the operating frequency can be freely chosen.

The non-Tinear efficiency defined in Eq. (11), is evaluated by
following numerically the particle trajectories according to (6). For
sufficiently small field amplitudes, the simulations reproduced very
accurately the linear efficiency in (13). The beam entry and exit points
were taken at tZro and the electron orbits were integrated using a 4-
point Runge-Kutta integrator. Figure (5) demonstrates the higher non-
linear efficiencies achievable at larger values of gko/m. The efficiency
in this figure is obtained by solving (11) as a function of E,/B, for
various values gko/w. A maximum efficiency of 33% is obtained for
Eobw/w=7 at Eo/Bo = 2.25 x 1072. Figures (6) and (7) show the spatial

variation of the efficiency within the resonator for various values of

the nomalized frequency shift soAm/w and normalized field amplitude
Eo/Bo' The spatial oscillations in efficiency within the resonator
are due to the oscillations of the trapped particle distribution. The
Gaussian profile of the radiation beam is also shown in Figure (5) for
reference purposes.

The examples presented so far should not lead to the impression
that good performance is necessarily associated with frequency mismatches

significantly larger than the values corresponding to maximum linear gain.

For example, for a beam with Bio = 0.1 and B,o = 0.2, corresponding to
Yo = 1.026 (13.3 keV), the nonlinear efficiency is plotted in Fig. 8 against

-
e e e R e SR qumiiin” SR SR

the radiation field amplitude for various values of the ratio ro/k. In all

cases the frequency mismatch was taken to correspond to the maximum linear

16




gain value, obtained from Eq. (14). As can be seen in Fig. 8, a peak effi-
ciency of 20% is obtained for rO/x = 2,5, while the values of n = 17.5% are
obtained for rOA = 1.6 and 3.2. For these cases, the frequency mismatch is

2 and 0.58 x 10™2, respectively, and

given by Awfu = 0.75 x 102, 1.30 x 10
corresponds to optimal linear gain value.

b) Efficiency Enhancement By Contouring External Magnetic Field

It is possible to enhance the non-linear operating efficiency of
the quasi-optical maser by either pre-bunching the electron beam in momentum
phase angle wt-0 or by appropriately contouring the external magnetic field.
Pre-bunching the electron beam, by utilizing a two open resonator Klystron
type configuration, is in principle straightforward and results in extremely 1
high efficiencies. However, depending on the length of the ballistic phase
bunching region (distance between the two resonators), electron beam thermal
effects may present a problem at high frequencies. Contouring the magnetic
field appears to be the simplest method for enhancing efficiency. By slightly
contouriﬂg the magnetic field, as a function of z, a more advantageous momentum
phase distribution of the electrons can be realized with a single resonator.

A significant improvement in efficiency over the already highly efficient
uniform magnetic field case can be realized in this way. Figure 9 shows the
spatial evolution of efficiency with and without magnetic field contouring.

The magnetic field in this case was decreased linearly by 5% between the points

z = -Zr0 and z = 2r0. For this variation a final total efficiency of 45% was

achieved.

c) Design Examples
We conclude with two specific detailed design examples, which will

demonstrate the potential of the configuration we have analyzed. In the

17




following examples the steady state performance of the maser, operating at
150 (Hz (A = 2 mm), is analyzed. The electron beam is taken to be generated
by a diode with a current density of 10 A/cmz. Within the oscillator, the
electron beam has a rectangular cross section% 7with area A = 2r o R’ extending
from x = -r0/2 to x = +ro/2 and from y = -yp to y = +yp, where r, is the spot
size and YR is the Rayleigh length.

The first example deals with the 60 keV beam with Bm = (0.4 and

B . = 0.2, for which the efficiency is shown in Fig. 5. For ro/x = 5.9, the

1Ke]
beam cross section is A = 52 cmz, giving a beam current of 520 A and an input

beam power of 31 MN. Due to the slight variations of the radiation field

amplitude across the beam, the conversion efficiency has to be appropriately

2 at the center

averaged. For a radiation field of magnitude E /B = 2.4 x 10
of the beam, this weighted average efficiency is n = 28%, hence the radiated
output power is Prad = 8.7 MN. For such performance, a normalized frequency
mismatch §0Aw/in = 7 is required, hence wAv = 3.77% and w/Qo = 0.93. For

A=2m @=09.4 x 101

sec'l), a magnetic field of Bo = 58 kG is required.
In addition, by appropriately tapering the external magnetic field the output
power can be increased to P, = 12 M. Finally, if either of the above
illustrations (with or without the external field taper) is to be achieved

by initially adjusting the external magnetic field to the value corresponding
to maximum linear gain of the operating frequency, then for a 44 cm long
resonator (i.e., equal to 2 yR) , the value of Q obtained from (16) must exceed
the 180, while the operating value of Q is 40,000.

In the above example the frequency mismatch was substantially higher

than the value required for maximumm linear gain. The highly impressive




performance associated with the adaptation of such a condition warrants its
implementation. The realization of such a large frequency mismatch would

require a mode selector or an external source to set up the radiation field.

However, if such complications are to be avoided, excellent performance can
be achieved as will be shown. In the second example we consider a 13.3 keV
beam with Buo = 0.1 and Bio™ 0.2, interacting with a radiation beam of

A =0.2 cm and rOA = 2.5, at the frequency mismatch associated with maximm
linear gain, i.e. &v/v = 0.75%. In this case, the cross-sectional area of the
beam is A = 4 cmz. Assuming that the diode current density of 10 A/cm2 can
be compressed to 50A/cm2, the input beam power is 2.7 MN. For

Eo/Bo = 2.3 x 10"3, the average efficiency is 18%, hence the radiation power
is Pr ad = 0.50MN. The required value of the external magnetic field is

B, = 54.5 kG. For this case, the linear threshold condition (16) is not
restrictive, since it simply requires that the nonlinear efficiency be
smaller than the linear value, which is the case. Assuming an oscillator

length equal to 16 i 63 cm, the operating value Q is 1560, larger than
the threshold value of 150, required by (16).
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APPENDIX A .

Here we work out the steady state linear theory for the energy
loss of the electron beam as it traverses the wave fields in the open
resonator. In steady state, the energy equation for the beam is

B3 W, =E-J , (A1)
52 T~ S

where wfz is the beam energy flux and g is the beam current. The con-
figuration is as shown in Figure 1. The change in beam power as it
crosses the resonator then isJ/a3r E<J, so the main probiem is to calcu-
late an expression for the perturbed beam current density.g.

This can most easily be done by analyzing the linearized Vlasov

equation
o lelpxB, () _ P x 8B ,.(0)
~~ v C ap = lel \sE+ me ) p (A2) J

where a time dependence e “iet is assumed. The quantity £ s the
unperturbed distribution function, that is, the distribution function
at z=-=, and f(‘) is the perturbation to it induced by the fields in
the resonator. Instead of using independent variables‘L,‘B, it is more

convenient to use as independent variables the quantities (xg.yg,z,p*,¢.pz)

where p, = p, CoS (Qomo z+¢)
X P,
p. = p, sin (2% z + ¢) (A3)

and

sin(gomo zZ+¢)
P, (A4)

_ p
= + Fa
X Xg




< e — .

(

where Qo is the nonrelativistic cyclotron frequency. These have the

advantage of being constant in the absence of the radiation fields in

the resonator. In these new variables, the Vlasov equation reduces to

(o)
R S pxdB) af (A5)
lw + —_Y-m—o— 'J'z' f = Ie! 6§ + 'Y“loc . a~

0
and assuming that f(°) is independent of ¢, g—f- reduces to

(o). A( am 5, 1 3\, (%M,
g_fp_ e, Zp*cosB(2>~oz+¢§5i—+ Qomo 3~Vg +ey 2p,si P, zZ+ ¢

3 1 ) a 9 (o)
S + 8 fLor (A6)
ops Qomo Bxg ) z apz ‘

There are two possible polarizations for the radiation. The

first is

SE = E(z) cos ky e tut éx+c.c.

_ ikc E(z) sin ky e~ Tut éz+c.c. ’ (A7)
w

%
which we call TE since it has 6E + go' The second polarization

e +(:.(:,
4

-iwt éx+c.c. , (A8)

SE = E(z) cos ky e~
éB = _ik_c
~ [}

E(z) sin ky e

is TM since 6B 4 B,.

For TE polarization, the linearized Vlasov equation reduces to

3 _iym w) (1) e|E(2) _i(ky-wt) Qm 2z )
3z ——mo—pz ) f —31“«'3pz - e 2wp, oS —o—o—-pz +¢ T
(o)
kp, .(sz )) 13 _kp, _1 nmz+)a}f
+ {w- sin{—0-0= +¢ - cos{ =00~ + ¢
( ymo pz Qomo ayg M, Qomo pz axg

+ (k+-k) = G(2),
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The perturbed distribution function then is '
(1) . Ymguz : - -imowz‘ .
fiitl = exp <1 D, fdz exp —p, G(z9), (A10)
The quantity we are interested in is/‘dg*-ég d’r which is
Qmz
“lel f putrudp dotugdygdz o pmycos(-52-+ 0 apre(®)
In doing this integral, exp(iky), which appears in the expression for SE
must be written as exp{ ik [yg - (pl/szomo) cos (Qomoz/pz + ¢)]} which is
equal to
k . o Qm 2
Z J (—B-'-> exp 1(ky + m[— —0-0— + ¢])
n AR 9 2 Pz
Then /g*og d’r is given by
k
5 | } : LS . AL R
ﬁ r g* g =7 dxgdygdz p¢dp‘Ld<:>dpz Ex(z) Jn ,(Qomo)exp [—m ( > + ¢-§_
z o« n‘: - O z
. kp Q.m 2
. cymw(z-2") 1 [-]e]? z : b . [Yo0= R
]c;z exp [1 b, ] ( o E(2) Jn QgM, Jexplinl T, + 6-3
oo n = -0
2 Qmz” Q.m 2z (o)
p: cos( °p°z +(9605( °pz° + ¢)(2wp‘ —%ET—)"' (k+-k) + c.c. , (A11)
0
where we have assumed that %— = 0, that is,the distribution of guiding
g
centers is uniform in the y direction (actually the dimension of the beam
in the y direction is very long compared to a wavelength), and also
have exploited the fact that no quantity except f(°) depends on xg, )
the ﬁ(o) term integrates to zero. Since £lo) 4 independent of ¢, the .

g
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only term which does not integrate to zero over ¢ is the zero Fourier

harmonic. This collapses the double summation over n and n"into a

{ single summation,so that

2 EI
ﬁ% E*«J=2ne| Xgdyqdz p.dp.dp, 5*(2)2[’; (: Q ]
n= - 0
' 4

‘ v .Qm 2 af(O)
| ﬁz‘exp:i[%g ) —oa(z)] (z'z')}%;_ 2 t e (A12)

2

where the (k+-k) has now been explicitly included.
The next problem is to do the zz"integral. Assuming E(z) has the

] ‘ form E0 exp (-f/rg), this integral is of the form

o0 z Z 2 z Pl 2
/;z ﬁz' exp{- Fo) + (Fo> + i afz-2z ')]}where o= (ymw - n moﬂo)/pz,
- 0 -0

By completing the square, the z"integral can be done in terms of error

e e ——————

functions so it reduces to a single integral

j; ré e ‘%—Eg [du exp[- (u + iaro}z][l + erf u]

Since the error function is an odd function of u, the integral of the

term in the souare brackets containing the error function is

— -y - -

L]

; —ul
p f i sin(Zarou)e U erfu ,

which 1s purely imaginary and sums to zero upon adding the complex

[ ey -

conjugate. Thus only the unity in the square brackets contributes to

the integral and the total result is

-

-
—

m

2w 2
2 -a°r
4 2‘ Y‘o e T‘o .
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Hence the total result is

[ 2
) s ym w-nm-Q . 2 l
N T dv dn2d 2 .2 - 9) o T
ﬁ r E*d le] fﬁxg Yg P pzz : Fo To &P Py 2° f

TE = =00
2
3- EE.L) p.’ .a_f(” (A13)
n\ar /i P, ap,

This is the final result for the power loss of the beam as it traverses

the fields in the open resonator. To progress further, assume the dis-

tribution function

£o) < S 502 - 020 ) 6lp,- byg) 8(xg), (A18)
where ois the surface charge density of the sheet beam. The incident
power is
p, ¢?
Wep = Lo(y-1) Fz . (A15)

¥
Assuming n=1, w = Q /v, and Jl (x)= x/2 (i.e., kp‘ << Qo“o)
the integrals can easily be done and Eq. (14) can be recovered for the

efficiency. For n=2 one can also show that the efficiency has the same

basic form as £q. (14), but it is multiplied by an overall factor of
1 kel
T mz ’
which is much less than unity. Thus an interaction at the second
harmonic exists, but it is weaker.

For the TM mode an analogous calculation gives the result

2
d®r E*<) | = -|e|*n?Jdx_dy dpZdp r2 expl-%o | Mow=nmyfy
Jorreeal s ey fuguguiin 3 3 ool 8 | onde

n=- o

2o (2 ) (3 20) 22, (hie)
o “n \am, /|2 v/ 3p, "vm, Pz g;z g .
4
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At each harmonic, the power loss of the beam is smaller by a factor of

2
order [ KoY from what it was for the same harmonic with TE polarization.
Thus the coupling of the TM mode with the radiation in the optical cavity

js much weaker than for the TE mode.

M
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